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Correspondence

Determination of Equivalent
Circuit Parameters*

Ata given frequency, a lossless disconti-
nuity on a transmission line may be repre-
sented by an equivalent circuit consisting of
an ideal transformer and two lengths of
transmission line.! With reference to Fig. 1,
let

7 =turns ratio of ideal transformer.
6, 8.=electrical lengths of transmission

lines.

&1 =electrical distance of electric field
null from reference plane 71,

¢e=electrical distance of short circuit
from reference plane T%.

Zy=normalized characteristic imped-
ance of output transmission line.
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Fig. 1—A lossless discontinuity and equivalent
circuit.

The field minimum position ¢, is related
to the short-circuit position ¢2 by a bilinear
transformation of the form

A 4 B tan ¢
C -+ Dtan ¢

An analysis of the equivalent circuit of
Fig. 1(b), shows that the field minimum posi-
tion is given by

tan (¢ + 6)) = — NZtan (¢z + 62) (2)

where N2=n2Z;.

This expression can be cast into the form
of (1).

The analysis to follow will derive rela-
tions between 6y, 62, N, and 4, B, C, D. A
plot of ¢1 vs ¢2 from (2) yields a curve of the
form illustrated in Fig. 2. The curve is sym-
metrical about a line of slope —1 and peri-
odic with a period ». If N <1, the slope of
the curve at Pyis —N?and at Pyis ~(1/N?%).
Also at Py,

®

tan ¢; =

¢4 0= |
and

T
¢2+02=S7T+—2—

* Received by the PGMTT, June 26, 1957.

1 A, Weissflock, “Anwendung des transformer-
satzes iiber verlustlose vierpolen auf die hinter ein-
ander schaltung, von vierpolen,” Hockfreq. Tech.
Elec, Akust,, vol. 61, pp. 19-28; January, 1943,

Fig. 2—-Typical curve of ¢1 vs ¢2.

where #, s are suitable integers. If N> 1, the
slope at P; is —N? and ¢:1-+0=nm, ¢=-46.
=gz at P;. These results will be used later in
the analysis.

If (1) is differentiated and the derivative
dep/de¢s equated to —1, one gets

(4D — BCO)(1 -+ tan? ¢)
2 = .
L = T e D tan o

&)

Eliminating ¢; by means of (1) gives
(D* + B2 — AD + BC) tan? ¢
+ (2CD + 24B) tan ¢»
+(C*+ A2+ BC—AD)=0. (4)

This equation may be solved for ¢: and de-
termines the points (1, Qs, Qs in Fig. 2. The
solution is of the form

tan ¢z = o + 8. (5)

Let ¢a and ¢ be the two values of ¢2 ob-
tained from (5). If these two values of ¢z are
averaged, either the point P or P; is deter-
mined. One has

tan ¢z + tan ¢a

tan (¢ + ¢m) = 1_-— tan ¢z tan ¢s
2a
s ©

When « and 8 are determined from (4), one
gets

,_¢21+d>22
2T
1. 24B+CD)
=" arosmpop O

As yet it is not known whether ¢;’ corre-
sponds to the point Ps or P3. However, if one
takes arbitrarily, 6:= —¢y'+-s7, then from
1

A + B tan ¢y’

! = tan—t
# an C - Dtan ¢y ®

and
0 = — ¢ -+ nw.

From the results presented earlier, it is noted
that at the point where ¢;--6=n7 and

¢2+-02=sm, the slope of the curve is always
— V2, Thus, equating the derivative d¢:/dé2
to — N2 at the point ¢, ¢4’ gives

nZ; = N?
-~ (4D — BC)(1 + tan? ¢»)
(C + D tan ¢2)2(1 + tan2 ')

If the value of N from (9) is greater than
unity, then ¢’ corresponds to the point P:;
if it is less than unity, ¢+’ corresponds to the
point P; or P;. In either case, it is not neces-
sary to know which point ¢’ corresponds to
in order to determine V. Having determined
one equivalent circuit from (1) by means of
(7)~(9), another one may be obtained by
adding transmission lines of length + (x/2)
to 6 and 6, and choosing a new turns ratio
nwl=1/nZi.

Other equivalent circuits also are readily
found from a knowledge of the coefficients in
the bilinear transformation given in (1). Two
alternatives are illustrated in Fig. 3(a) and
3(b) and their parmaeters are given by

A

@

Xy = — il (10a)
A B
Xo= ———=
2 =F7 ] (10b)
DA B
n'Z; = =TT (10c)
for Fig. 3(a) and by
Xn = B 11
n = ) (11a)
CZ
Xog = 31 (11b)
AZy  BCZi
Xip= & /‘/ D - —L)T— (11C)

for Fig. 3(b).
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Fig. 3-—Alternative equivalent circuits.

In the analysis of the equivalent circuit
for slotted dielectric interfaces in free space,?
as well as for dielectric steps in waveguides,?
one obtains a bilinear transformation of the

2 Paper in preparation by author,

3R. E. Collin and J. Brown, “Calculation of
Equivalent Circuit of an Axially Unsymmetrical
Waveguide Junction,” IEE (London), Monograph
No. 145R;: August, 1955,
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form given by (1). The above results are use-

ful for determining the equivalent circuit

parameters without the necessity of plotting

the curve of ¢1 vs ¢ and analyzing this curve
by the standard procedures.

R. E. CoLLiN,

Canad. Armament Res. and

Dev. Establ.

Valcartier, Quebec, Canada

Effect of a Mismatched Ring in a
Traveling-Wave Resonant Circuit*

In traveling-wave resonant ring circuits
wave amplitude “amplification” has been
predicted and shown experimentally.l~% In
the present note, the input reflection coeffi-
cient (input vswr) and wave amplification
are considered when the resonant ring circuit
contains a mismatch. Qualitatively a small
mismatch (low vswr) can produce under res-
onant conditions a greatly “magnified” input
vswr and reduces the maximum attainable
amplification in the ring.

In Fig. 1 are shown resonant circuits con-
sisting of ideal lossless directional couplers
and a voltage mismatch T in each of the loss-
less waveguide rings. It should be noted that
the designation of the output terminals of
the directional couplers differ in the two cir-
cuits relative to the input terminals. Using
scattering matrix notation,® the fundamen-
tal equations are:

{MISMATCH T

r ‘\
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Fig. 1—Resonant ring circuits.
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Correspondence
bl = 035 ¢
by = dsST
bs = &Se + a2ST
@2 = byre~i0H0D 4 pyTeitts
as = byTe™ 1P | byreiOrttn) 1)
where
ST=3Su=Su= Su=Se
Se=Su = Sn =S = S
]’rl = 4/1 — (I‘[z.

The input reflection coefficient, which
exhibits a resonance phenomena when ¢ is
varied, is given by:

n So2Te it
o 14 |Sr|ten® — 2] 2Sp|eié

where
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a single-peak resonance occurs when ¢ =277
radians, =1, 2, 3, 4, etc. and
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- i+ 5ol
¢ = X cos 25, 4

The two values of ¢ in (4) indicate double-
peak resonance behavior.

Eq. (3) is plotted in Fig. 2 and shows that
for small values of |T'[, there is a reflection
coefficient “magnification” of 37.9 and 5.8
for the 10- and 3-db couplers, respectively.
For large values of |T'|, the input vswr can
become infinite at ring resonance, 4.e., when
(4) is satisfied.

The wave amplification in the ring cir-
cuit is given by the following equation and is
equivalent to that given by Tischer:”

by 1—- ITST{ ¢i®
o e 14+ l ST[Ze_fZ‘P -2 l TSTI(&_N’

Eq. (5) exhibits a single-peak maximum
when sin ¢=0 and a double-peak maxima
when
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Fig. 2—Input reflection coefficient,

couplers are 0.026 and 0.177 respectively. To
a very rough approximation these values of
[T are about one-half of |S.|2/(2—]S:2]).
Operating under single-peak resonance con-
ditions, the wave amplification |bs/a;]| as a
function of |T'| is plotted in Fig. 3.
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Fig. 3—Wave “amplification.”

Another effect within the resonant ring
due to the mismatch is on the ratio of incom-
ing to outgoing waves at terminal 3 in Fig. 1.
The analysis shows that with a 3-db coupler
and when sin ¢ =0,

a3

R P .4 Eatl 7
” ]

= 342 | T| for small values of |r|.

Thus the vswr within the ring circuit is also
“magnified.” For a 10-db coupler the corre-
sponding quantity is 19.5(T'|.

Referring to the annular-waveguide ro-
tary joint,? the input vswr had a maximum
value of about 3 (diagonal-arm condition)
when the coupler “4” was about half open
or approximately at 3-db coupling. These
data would imply, referring to Fig. 2 above,
that the mismatch vswr in the ring would be
about 1.2 and this value appears entirely
plausible.

—+ | Spfz — 2
©

It should be pointed out that for very small
values of |T'|, only a single-peak resonance
exists since cos ¢ of (0) exceeds unity. The
maximum values of [I'| which will yield
single-peak resonance for 10-db and 3-db

7 Tischer, op. cit., (22).

In summary, a traveling-wave resonator
requlres very careful matchmg in the ring
circuit if the input vswr is to be low and if
maximum wave amplification is desired.

Krivo ToMIvasu
GE Microwave Lab.
Palo Alto, Calif.



